ABSTRACT The erythrocyte membrane is modeled as a two-dimensional viscoelastic continuum that evolves under the application of stress. The present analysis of the erythrocyte membrane is motivated by the recent development of knowledge about its molecular structure. The constitutive equations proposed in the present analysis explain in a consistent manner the data on both the deformation and recovery phases of the micropipette experiment. The rheological equations of the present study are applied in a later section to the analysis of a plane membrane deformation that is quantitatively similar to the tank-treading motion of the erythrocytes in a shear fi'eld. The computations yield useful information on how the membrane viscosity becomes a more dominant feature in tank-treading motion. The material constants appearing in the proposed constitutive equations may be useful indications of the biochemical state of the membrane in health and disease.
INTRODUCTION
The erythrocyte membrane is modeled as a two-dimensional viscoelastic continuum that evolves under the application of stress. The present analysis of the erythrocyte membrane is motivated by the recent development of knowledge about its molecular structure and by the complex behavior it exhibits in dynamic micropipette testing and in tank-treading during shear flow.
It is well established that the erythrocyte membrane deforms at constant surface area under physiological circumstances (1, 2) . The constant area condition is considered to be a reflection of the structure of the lipid bilayer of the membrane. The membrane elasticity exhibited in experiments is primarily due to the network of protein macromolecules embedded in the lipid bilayer. The molecular organization of the entangled protein molecules evolves continuously during a prolonged deformation. The preferred configuration of the membrane from which the elastic strains are measured may not coincide with the initial stress-free configuration. The present model takes into account the evolution of the preferred configuration.
The viscoelastic properties of the erythrocyte membrane were modeled previously by Evans (4) . For example, the Kelvin model predicts essentially exponential aspiration length vs. time curves with a single time parameter for both the loading and the recovery phases of the experiment. Chien et al. (4) showed that the deformation of a cell into a micropipette following a step load consists of two phases. The initial rapid phase of deformation has a shear thinning behavior and was modeled recently by Tozeren et al. (5) . The rapid phase is followed by a slow deformation phase with high membrane viscosity. The experimental data of Chien et al. (4) also indicate that the time constant of the recovery phase increases with increasing duration of the creep phase for durations of aspiration "up to 20 s.
The constitutive equations proposed in the present analysis explain in a consistent manner the data on both the deformation and recovery phases of the micropipette experiment. The rheological equations of the present study are applied in a later section to the analysis of a plane membrane deformation that is quantitatively similar to the tank-treading motion of the erythrocytes in a shear field. The computations yield useful information on how the membrane viscosity becomes a more dominant feature in tank-treading motion. The present constitutive equations have a form similar to that proposed by Evans and Hochmuth (3) . However, the membrane viscosity is made to depend on the rate of strain as suggested by Tozeren et al. (5) , and the elastic strain tensor is measured from the evolving preferred configuration. The evolution of the preferred configuration is given by a rate equation. The material constants appearing in the proposed constitutive equations may be useful indications of the biochemical state of the membrane in health and disease. The bending resistance of the membrane is not modeled in the present analysis. The deformation of an erythrocyte membrane during aspiration into a pipette and during tank-treading motion in high-shear flow fields is usually associated with large membrane tensions, and the membrane analysis may be considered to be a sound approximation in such cases.
CONSTITUTIVE EQUATIONS
In this section, the constitutive equations for the erythrocyte membrane are developed in terms of principal strains and stresses. The generalization to the general deformation of a plane membrane is given in the Appendix.
Let the deformation in the membrane be described by initial positions (xI, x2) and current positions (y, Y2) in a coordinate system tangent to the local principal directions. Extension ratios XI and X2 are defined as
The surface area of the membrane is assumed to remain constant during deformation. This requires that
The erythrocyte membrane is composed of a network of protein macromolecules embedded in a lipid bilayer. 
At each point of the membrane, the modified stretch ratios 1 and 12 define the current geometry relative to the geometry of the preferred configuration through the equations
where (dy,, dy2) and (dzl, dz2) are the infinitesimal length elements in the current and preferred configurations, respectively. The preferred configuration describes the thermodynamic state of the protein network in which the elastic strains are zero. The degree of evolution of the preferred configuration is measured by the stretch ratios q, and q2, which are defined as
q2= (dz2/dx2) = X2/12.
(5b)
In the present deformation the internal elastic strains are assumed to be area preserving, i.e., 1112 1, qIq2 1.
The viscoelastic model of Evans (8) where r* and t' are constants having the dimensions of time.
The time rate of change for the membrane's preferred configuration is assumed to depend on the elastic tension, T" = u(, -I-' 2), through the expression A(l2 I2) = n (q1/q1) + ,g(q21 -q-2) (9) where ni and , are constant parameters. (10) where -= (1/2) (X2 I 1) is the strain in the xi direction. When e is sufficiently small, the differential equation can be represented by a one-dimensional mechanical analog of a four-parameter solid as shown in ( 11) where (irRP2A) denotes the surface area of the membrane inside the pipette. The extension ratio XA and the rate of strain (A / /X) corresponding to the deformation given by Eq. 11 can be expressed as
It is assumed that the portion of the membrane inside the pipette is parallel to the pipette wall at the exit. Then the mechanical equilibrium of the membrane in the direction of the axis of the pipette requires that where T, and T2 denote the radial and circumferential tensions, respectively. Eq. 13 can be used to replace (Tp/lt) in Eq. 14 in terms of the dimensionless tension (Ap Rp/I). Eqs. 1 2a and 1 2b, specifying X and X in terms of aspiration history A(t), are then substituted into the constitutive Eqs. 7 and 8 to evaluate (T,-T2) in Eq. 14. After some manipulation, an equation governing micropipette aspiration is obtained in the following form:
(ApRp/I) = (2/a) In (1 + ar-* A) + j (I2 _ 1 2) (dR/R2) (15) where a = '/(2r*). The time rate of change of the elastic extension ratio l, is governed by the rate equation (see Eq. 9):
where the coefficients a and b are defined as
The material time derivative l1 is defined as the time derivative of 1, with Ro kept constant. Eq. 16 is obtained by using Relations 2 and 5 in Eq. 9.
Eqs. I 1, 12, 15, and 16 comprise a set of nonlinear integro-differential equations to be solved simultaneously. For a given case of membrane aspiration, it is assumed that Rp, T* , Al, Al, a, b, a, and the applied pressure Ap are known values. Eqs. I11 12, 1 5, and 16 are to be solved for A as a function of t, and R, XI, 1, as functions of Ro and t. The stretch ratio XI and the elastic stretch ratio l, must be specified as initial conditions. 
NUMERICAL RESULTS
The time history of deformation of the membrane has been computed for the recovery and creep phases of the micropipette experiment. Fig. 3 shows the dimensionless surface area inside the pipette, A, as a function of the dimensionless time, t = (t/.r*), during the creep and recovery phases using constants b = 2.5, a = 0. The dimensionless surface area A inside the pipette is equal to X2, the square of the extension ratio X at the tip of the pipette, and was previously considered to be a measure of the elastic strain (3, 4) . This is correct for short periods of deformation, measured in milliseconds. The present model takes into account the rearrangement of the protein network in the membrane during longer periods of deformation. Fig. 3 shows the variation of the elastic stretch ratio, 12 state at the end of the relaxation process. In contrast, there is a permanent deformation at the end of the recovery in the case of the fluid membrane as illustrated in Fig. 5 (9) . It is expected that the rearrangement of the network of the protein molecules will be restricted to some extent, leading to the possibility of a finite b value.
To estimate the parameters a and b appearing in the rate Eq. 16, various time constants observed in micropipette experiments must be considered. The greater part of the deformation into the pipette occurs during the initial rapid phase. Chien et al. (4) showed that the experimental aspiration length history during the loading phase of micropipette experiments on red blood cells can be approximated by two exponential functions of the form Dp= Dp -'e-1R) + pm _ Jpm (1 - e-t1I2) (19) where Rp is the inner radius at the tip of the pipette, Dpm is the maximum aspiration length achieved in that particular experiment, Dpm", is the apparent steady state deformation attained in the first rapid phase, and A, and f2 are the time constants. The short time constant, f1, varies over a sixfold range and is inversely related to the dimensionless aspiration length (D'pm/Rp), but the long time constant, 02, is not correlated with the degree of deformation. In the present model, D'pm is defined as the aspiration length where the difference between the extension ratio X and the elastic stretch ratio l, reaches a certain magnitude, i.e., when (I2 I I2)/X2 = 0.05 at the tip of the pipette. The aspiration length Dp/Rp (Fig. 2 ) is assumed to be related to the surface area of the aspiration by the following relation: A = 2 Dp/Rp, Dp/Rp > 1.
(20)
In the derivation of Relation 20, it is assumed that the aspirated portion consists of a hemispherical cap with radius Rp connected to a cylinder with radius Rp and length (Dp -Rp) ( 
4). If the generalized Kelvin model proposed by
Evans and Hochmuth (3) is used in the analysis of the deformation phase of the micropipette experiments, the theoretically predicted time parameter AI turns out to have a constant value and I2 becomes equal to zero. However, the shear thinning behavior during the rapid phase of cell deformation into the pipette (the decrease in the value of ,B with increase in either Dl/Rp or ApRp/u) is described accurately with the present model, since this model is the extension of the constitutive equations of Tozeren et al. (5) into the range of long periods of deformation. Fig. 6 constant variation, the value of b must be taken in the range (0 < b < 0.6), but this leads to large values of the ratio (Dpm/D'pm) which are inconsistent with experimental results. This result suggests the possibility of adhesive forces between the pipette and the membrane. Although the experimental data showed a steady state deformation and complete recovery, a two-dimensional fluid model for the red blood cell membrane cannot be excluded categorically. In such a fluid model, the steady state behavior observed in experiments could result from adhesive forces arising between the pipette and the membrane during the course of the deformation. The lack of a permanent deformation at the end of the recovery phase might be attributed, in such a fluid model, to the elastic bending energy of the membrane which is not taken into account in the analysis.
The development of adhesive forces is expected with increasing duration of the loading phase. In the discussion below, the limiting case at the other extreme of the perfect slip condition, namely the perfect adhesion condition, is considered after a certain time ta, e.g., 2 s. In this case, X in Eq. 16 is set equal to zero from ta to the beginning of the computations of the recovery phase. Fig. 7 shows the results for deformation and recovery history of a numerical experiment computed on this basis. The rate of recovery decreases with the duration of the aspiration phase, to. This causes the time constant fir to increase with to. The maximum value of iB/fi depends strongly on the value of b; the smaller the value of b, the large' a given duration of deformation. T increases with increasing tension (Ap sistent with the experimental observa (4). 
ANALYSIS OF THE TANK TREADING MOTION
r is the ratio f#,/#l for It has been shown that erythrocytes suspended in a shear he ratio, fir/01, also flow assume stationary shapes and orientation while the ?Rp/,1), which is con-membrane rotates steadily around the cell (10). The time itions of Chien et al. course of the orientation changes of the cell was considered by Keller and Skalak (11) by assuming the cell to be a the present model for triaxial ellipsoid. In the analysis, constitutive equations for ro= 10 is compared the erythrocyte membrane were not taken into account, his figure shows fiB as and the detailed analysis of the membrane stresses and deformation phase. strains was not considered. More recently, the details of the ph were obtained by flow field external to the cell were investigated by Sutera and Tran-Son-Tay (12) under the same assumptions. Similarly, erythrocytes observed to assume asymmetric shapes during flow through narrow capillaries (13) are considered to be associated with the tank-treading motion of the membrane. Recently, a two-dimensional model of the capillary flow of asymmetric red blood cells was introduced by Secomb and Skalak (14) . This study does not attempt to compute the stresses and strains in the -t-\ membrane exactly. More accurate models of the tank- deformation which is quantitatively similar to that occurring in the tank-treading motion. Consider a rectangular segment of the membrane with initial coordinates in the domain (0 < xi < x°, 0 < x2 < x°). It is assumed that this segment is stretched at first to model the mean deformation observed in the tank-treading motion of the cell. For simplicitly, the mean stretch ratio Xo is considered to be a constant in the analysis. An additional deformation in the form of an oscillatory motion about the mean is superimposed to model the isochoric motion: where xi, yi are as defined for Eq. 1, e is the amplitude of the oscillatory deformation, and w is the frequency of the motion. The extension ratio X in the x, direction and the rate of strain (A/X) corresponding to Eq. 12 can be written as X= (I + esin2wt) Xo (23) (X/X) = (2ew cos 2wt)/(I + e sin 2wt). (24) We now consider the rate equation (Eq. 9) applied to this deformation, (12_ 2-) = 4at* (A-9 + b XA) (25) with the initial conditions corresponding to a sudden start from rest: In the present analysis, it is assumed that the free energy W can be written as W = (Al/2p) (Ic -2). To complete the constitutive equations of the membrane model, a rate equation which accounts for the evolution of the protein network must be introduced. Let the upper convective derivative, Cij, be defined as (8) In principal directions, the set of Eqs. A12-A16 reduces to the corresponding set in the Constitutive Equations section.
